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A SIMULATION MODEL OF OPTIMAL INCOME TAX FUNCTIONS
WITH A STABILIZATION CONSTRAINT

Jordi Canals'

Abstract

The aim of this paper is to present an optimal linear income taxation model to use in
computing the optimal values of the tax function considered.

The main characteristic of the model is the maximization of the social welfare function by the
public sector, subject to two constraints; a revenue constraint and a stabilization objective
constraint. This second constraint has not yet been considered in optimal tax theory, but it has
an unquestionable meaning: income tax not only has effects on the distributional activities of
the government, but also on its stabilization policies.

For this reason, it is worthwhile considering this government’s function in optimal income tax
design. The analysis suggests that the range of variation of optimal tax rates is narrowed when
the stabilization constraint is introduced.

NOTE: I would like to thank Antonio Argandofia and Jordi Gual for their interesting comments
and Jordi Domingo for his valuable help in calculations.

! Professor of Economics, IESE
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A SIMULATION MODEL OF OPTIMAL INCOME TAX FUNCTIONS
WITH A STABILIZATION CONSTRAINT

1. Introduction

Optimal tax theory provides one of the most serious contributions to the study of modern fiscal
reform. Highly interesting theoretical results have been obtained for tax rates (their structure
and variation) and the suitable basis' assessment through studies of both income taxation and
indirect taxation.

The purpose of this paper is to introduce a specific macroeconomic goal in the classical optimal
taxation models and evaluate how the results obtained under this new set of conditions® differ
from those obtained from the conventional model. In addition, we apply this new model to
simulate the values adopted by the linear taxation function, taking into account certain
parameters of the Spanish economy.?

These parameters are not precise values but estimates on which we will base the appropriate
sensitivity analysis. Consequently, we propose carrying out an exhaustive sensitivity analysis.
This lack of information should not cause any surprise, as the parameters being handled are
very concrete and, with the exception of a few studies, knowledge about them is scarce in
almost all countries. Our approach has been the same as that of N. Stern (1976), with the
exception that Stern uses, as a reliable elasticity of substitution value, the one obtained by
Ashenfelter and Heckman (1973) for the United States, while we must also perform a sensitivity
analysis for the value given to the elasticity of substitution. Perhaps it is for this reason that
our work is more closely related with that of J.A. Mirrlees (1971) than with that of M. Tuomala
(1984) or even Stern, although it must be pointed out that Mirrlees studies the properties of a
general income taxation (and not a linear income taxation) as we do, and his sensitivity
analysis is more limited than ours.

There are main differences between this model and those mentioned above. First, it offers a
highly exhaustive sensitivity analysis of tax parameters, based on the values taken by the
various behavioral function parameters. This sensitivity analysis will be simulated for a wide

' See Sheshinski (1971), Mirrlees (1971), Atkinson-Stiglitz (1973), Sandmo (1976), Stern (1976) and Tuomala (1984).
2 This constraint has been considered in previous literature. For more details see Canals (1988), Chapter V1.
3 See Ahijado (1983) and Malo de Molina (1984).
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range of values for the following parameters: “Elasticity of substitution between consumption

” s ” ” s

and leisure,” “inequality aversion,” “share of expenditure in pure public goods,” “individual
utility function argument weighting coefficient” and “standard deviation of the distribution
density of abilities function.” Stern, for example, only performs a sensitivity analysis for the
first three parameters and within a very limited range of values. Mirrlees, on the other hand,
analyzes the effect of a variation in the standard deviation of the above-mentioned density
function and the inequality aversion parameter; but he avoids considering any other
parameters, because, among other reasons, his model does not allow him to. Finally, Tuomala
permits variations in the inequality aversion coefficient but keeps the remaining parameters
constant. Therefore, although our model is based on those of the authors quoted, it widens the
range of results and allows for certain structural data concerning the Spanish economy.

Another major difference is that, in our model, the taxation parameters will be determined
assuming that, in the first place, the public sector fulfils its revenue constraint, and, in the
second place, especially using the marginal tax rate, a flexible tax structure is attained,
enabling the public sector to achieve certain results of the economic macromagnitudes.” Finally,
we want to compare the optimal tax rates in both cases, that is, in the classical model and in a
model with macroeconomic goals.

The intertemporal approach to fiscal policy analysis can be very useful; nevertheless, we avoid
this approach in this paper because it would make the computational analysis we carry out in
the next section more complex, without adding any substantial explanatory elements to our
main question, i.e., how do optimal tax results differ from the standard model when the
government has some kind of stabilization policies, in addition to pure redistribution
objectives? Besides, we are interested in comparing the results of this new hypothesis with
those obtained in the previous models, which don’t adopt the intertemporal approach.

The theoretical model we use is described in the next section. This model consists of a social
welfare function which the government intends to optimize; a revenue constraint on the public
sector; a constraint imposed by the stabilization goals pursued by the government; a CES-type
individual utility function whose arguments are initially after-tax income and leisure and
which, in a second phase, will be expanded to also include the supply of pure public goods; a
revenue constraint on any individual; an ability distribution function among the population;
and, finally, we will use an aggregate production function with labor as the sole production
factor measured in units of efficiency. The lack of distinction between types of labor (and the
exclusion of capital as a production factor) is perhaps this model’s greatest limitation.®

Section 3 contains a brief description of the hypothesis and the computation procedures used.
The results obtained are presented and discussed in section 4.

4 See Turnovsky (1977), Barro (1986) and Canals (1987).

° Anyway, this simplification is a common point in many papers on this topic.
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2. An Optimal Linear Income Taxation Model

2.a. Consumer behavior

The model described below, with a few minor differences, is the classic model used in optimal
income taxation. The utility of the ith individual depends on his after-tax income (yg4;) and
leisure (1-1;) and it follows the CES-type functional form, i.e.:
1
(D U={a vy +301)"}}

where a;+ a, = 1. The advantages of using this utility function, and not Mirrlees’ linear log
function, for example, are twofold. Firstly, the CES function accepts values for the elasticity of
substitution that are different from one and, secondly, it barely alters responses as regards the
decision to offer more or fewer hours of labor as a result of taxes.®

In equation (1) above, parameters a, and a, express the weight that each individual gives to
income and leisure. Parameter [ determines the value of the elasticity of substitution between

income and leisure, according to the equation
1
(2) e= ——
1-B

where e is the elasticity of substitution. The variable y4 expresses the after-tax income of the

ith individual while 1; indicates the amount of time spent working and, therefore (1-1;),
the amount of time spent on leisure (0 <1i < 1).

Each individual will try to optimize that utility function with the following revenue constraint
(pre-tax):

) ¥ =Yg =W 1

where w; is the wage rate of the ith individual. This rate is assumed to perfectly reflect the ith
individual’s ability and its distribution among the population can be estimated from the normal
logarithmic density function:

—(nw-p)°

1 {
2 /°

4 fwW=— ¢
W £~/ 2n

}

where @ and £ are the mean and standard deviation of the distribution. In the future, we will
use the standardized function f (w) which implies that

(S)T f(wdw=1

® For a discussion on the advantages of one application of the CES, see Zabalza, Pissarides and Barton (1980).
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This affects some magnitudes which are obtained by integrating w-dependent functions, as
these magnitudes will express “per capita” values. A final comment on the wage rate wi: this
rate will not be expressed in monetary units but in efficiency units; in general, the wage rate of
one efficiency unit is one.

When a linear income tax function of the type
6) =-y,+tw; 1,

is introduced, where y, is a guaranteed income and t is the constant marginal rate, the equation
for the ith individual’s revenue becomes:

(7) ydi :yi _T:y0+ (1_t) Wi li

To obtain the conditions for an optimal behavior by the ith consumer, equation (7) will be
substituted into the utility function, giving

1
® U ={a (,+1-9w1)P +a@aa)P1 P

Upon deriving U; with respect to 1;, providing that the revenue constraint is fulfilled, making the
derivative equal to zero, and transferring I; to the left-hand side of the equation, it is found that
the condition for a first order maximum is:

1
a, 1 B-1

9 1,= 1
a, 1 _ p1

(1—t)Wi+{€ (].T)Wi}

This equation expresses the supply of labor by the ith individual when his behavior is optimal.

2.b. The public sector

For its part, the problem of the public sector consists of choosing values for the parameters t
and y0 which maximize and additive-type social welfare function as follows:

[=e]

(10) W -t _[Uf (yy» 1y f(w)dw
£
0

provided that the revenue constraint on the public sector is fulfilled. This constraint can be
expressed as follows:

o0

(11) jt w, 1, f(w) dw=y,
0
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where the expression

(12) J W, 1, f(w) dw
0

in the absence of the capital factor and production factors other than labor, expresses the
national “per capita” income, which will be represented by R.

If, in addition, the public sector pursues a macro-economic related goal using fiscal policy, it is
possible to formulate a welfare function optimization problem dependent not only on revenue
constraints, but also on the constraint imposed by the macro-economic goal pursued. If this
goal is to reach certain GDP level (for instance, full employment GDP) this constraint can be
expressed as follows:’

(13) y*= le* f(w):jy;+(1-a*) w, 1. +G,
0 0

where the left-side integral is the aggregate supply — under the condition defined in this section -
and the right-side expresses the aggregate demand. YO* , t * and GO * are, respectively the optimal
values of the government payments, the marginal income tax and the government spending
(different from y0, if exists). With the management of these instruments, the government can reach
the target level of GNP.

It is evident that a more innovating approach to the modern fiscal policy would have made use
of an intertemporal model (7), with the classical equations:

(14) U;=U (C,,Gy)+a VU (C,,G)
and

(15 G=G,+0.G, =Ty+a T~ (1+i_)B_

where C is the private consumption, G the government spending, o the discount factor, T the

taxes raised, B_; the debt issued by the government previously and i_; the interest rate of this
debt issue.

It is simple to recognize that equation (14) expresses the standard individual’s utility function
over two periods, 0 and 1, and equation (15) represents the government solvency constraint for
the same two periods. The o parameter denotes the present value factor.

Nevertheless, as mentioned, we leave out this intertemporal approach to the tax policy because
we don’t want to analyze the properties of the optimum income tax, but rather to compare it
when we introduce other objectives, as already described, with the classical optimal income tax
function.

’ Frenkel and Razin (1987) provide an excellent framework to analyze the effects of the fiscal policy using
intertemporal macroeconomics.
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In the following section, we will see the differences in marginal tax rates and lump-sum
transfers when we consider the problem of optimizing a social welfare function that is
dependent only on revenue constraints and when we add to this the constraint derived from the
stabilization goals that the government has set itself.

What is the nexus between the optimal behavior of any individual and that of the public
sector? The answer is found in the previous equation (9) which expresses the supply of labor
derived from the optimal behavior for the individual under study. In fact, the public sector
maximizes the sum of the utility of all individuals in society on the basis of the hypothesis that
each one has optimized his individual utility beforehand. This is done by substituting variable
1; into the equation for U; - equation (8) - instead of its expression in equation (9) and later
substituting the new formulation of Uj in (10).

A final consideration in the description of the theoretical model that we will use concerns the
modification of the individual utility function when the supply of pure public goods enjoyed by
the ith individual are introduced into it for the purposes of argument. These are goods that the
public sector offers and whose financing requires the levying of taxes.” If P is the supply of
public goods - their price is expressed in terms of the price of private goods - and g is the
share of expenditure in public goods of the national income, we can write an equation as follows:

(16) P=gR

The introduction of public goods in the U; utility function - equation (1) - converts this
function into:

1
(17) U, ={ays +a (1-1)P +a, PP} P

where the sum of a;, a;, and a3 must be equal to one. If a3 = 0, that is to say, the supply of
public goods does not provide any utility for the individual, equation (1) will again apply. The
new condition for a first order maximum is:

©) L
1 -1
{m (a,—a)} —Yo

1j 1
a 1 p-1

1w +{ — ——

Finally, the introduction of public goods also modifies the public sector budget equation which

will now be written as follows:

L=

(18) It W, 1, f(w) dw=y,+gR
0

8 See Moreh (1983).
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Grouping together the terms and substituting R by its expression in (12), the revenue equation
becomes:

(19 y,=(t-9 R
or

(20) y,+gR=1R

The final expression has an immediate meaning: the sum of the minimum income guaranteed
to each individual by linear income taxation and expenditure by the public sector on the supply
of public goods must be equal to the amounts collected solely by income taxation; we therefore
assume that there are no other taxes.

3. Description of the Hypothesis and Computation of the Optimal
Tax Rates

This section describes the mathematical methods and hypothesis used to find the optimal
marginal tax rates. As in the classic optimal taxation models, the purpose is to determine
marginal tax rates that maximize the value of the social welfare function for the community.

For the moment we will not consider the government goals concerning stabilization policy. We
assume that the social welfare function, the public sector’s budget equation, the ith individual’s
utility function, the ith individual’s budget equation and the labor supply that optimizes the
behavior of the ith individual have been specified. The optimal tax rate computation model is
based on simulating what the optimal value of the different variables calculated would be if the
model parameters were to have a specific combination of values. In each case, we will work
with initial parameter values that coincide with certain estimates made for the Spanish
economy, and furthermore we will perform an exhaustive sensitivity analysis of the variables in
relation to the variations of a particular parameter. Occasionally, the base point value will be
that estimated in another country or in other circumstances.

We have used the normal logarithmic density function to reflect the distribution of the ability
parameter among the general population. We will initially take the values of the W and
Z parameters obtained for Great Britain by H.I. Lydall (1968), i.e., W = -1 and £ = 0.39. This is
the hypothesis used in Mirrless, Stern and Moreh’s optimal taxation models with numerical
computation. However, we will implement further on a standard deviation Z= 1 in order to
analyze the effect of an increase in the standard deviation of the “ability” parameter on the
optimal rates. In some studies in the Spanish economy, the value g = -1 has been obtained
(e.g., Canals,1988).

In the case of the social welfare function, the relevant parameter is €, the elasticity of marginal
utility of income. When ¢ falls, the marginal utility of income decreases at a faster rate and the
consequent loss of utility (which is usually interpreted as the cost of inequality in the
distribution of income) increases. Thus, the smaller € is, the greater the marginal tax rate will

IESE Business School-University of Navarra - 7



be. This parameter indicates society’s inequality aversion. Stern’ has calculated the approximate
values for this parameter in Great Britain and the United States, using a comparison of the
marginal utilities of income before and after tax. The values obtained are -1 and -0.5
respectively. We use possible values for € among which are included the above-mentioned
values. Mirrlees uses as his base-point value € = 0. The value € = 1 reflects the case known as
utilitarian and expresses an indifference towards equality or inequality in the distribution of
income. Finally, the maximin case is reflected with values of € approaching -co.

The CES utility function such as that used here presents two types of parameters for estimation:
Parameter a; with which each one of the components of the utility function is weighted, and
parameter 3, which determines the value of the elasticity of substitution, as stated in the
following equation: 1

ez ——

1-B

Studies performed in other countries show a wide range of elasticity of substitution values from
0.04 to 2.14. In a recent paper, M. Tuomala (1984) has emphasized the importance of
determining the actual value of the elasticity of substitution as accurately as possible, in view
of its considerable influence on the value obtained for the utility function. In fact, the
difference between the results found by Mirrlees, on the one hand, and Stern, on the other
hand, is due to the fact that the former uses a linear logarithmic utility function which assumes
an unitary elasticity of substitution value between 0.4 and 0.5. These values, in turn, express
values for [ between 1.5 and 1. Ahijado (1983) uses a value for elasticity of substitution of
about 0.977 for the Spanish case.

On the other hand, as base-point values for the utility function a; parameters, we will use those
estimated by Wales and Woodland'® for the United States when only income consumed and
leisure are involved in the utility function. In such cases, the values a, = 0.6475 and a, =
0.3525 adequately reflect the rating that any individual gives to income and Ileisure,
respectively. If we were to introduce public goods as a utility function argument, we would
have no information concerning the value of the a; parameters. However, we will compute the
optimal tax rates with public goods using values for a,, a, and a; that, by way of sole
condition, meet the criteria that income is valued twice as highly as leisure. This valuation,
estimated by Wales and Woodland, seems to be fairly realistic. Moreh (1983) describes a
method for calculating values for a,, a, and a;; however, as this is a simulation method that
does not use real parameters, it appears to be more appropriate not to use it here.

Finally, we will use a range of values for g (share of expenditure in public goods in the national
income) varying from 0.10 to 0.30, which contains the value of g for most industrialized
countries.

The procedure devised to calculate the tax rates that maximize the social welfare function differ
from the one used by Stern or Tuomala in that we use a sub-optimization process within the
problem of general optimization. In fact, given base line values for the parameters a;, a,, as, g, €
and [, a base line value for t and y is chosen arbitrarily. The value for t is chosen within the
interval (0.01 and 0.99). The base line values for t and y0 are substituted into equation (9) to
find the expression for the supply of labor that expresses the optimal behavior of the ith

° See Stern (1977).
10 5ee Wales and Woodland (1979).
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individual. After finding the equation for l;, the value of R is calculated. When this value for R
is substituted into equation (11), it is possible to find a new value for y0. If this value for y0
coincides with the base line value, the process proceeds as described later. If the new value for
y0 does not coincide with the base line value, the former replaces the latter in the equation for
l; and the process is restarted. This step of the process can be considered as an optimization of
the value for yO, thanks to the programming routine used known as Zeroin. Wilkinson'' and
Forsythe et al."” give a complete description of the routine. It is an iterative algorithm whose
purpose is to seek solutions (zeros) to the equations using the information originally given.

Upon finding a value for yq that is compatible with the base of point value for t, we then obtain
the equation for yg; by substituting yq in equation (7). After finding yg;, the equation for U; can
be expressed with respect to wj, substituting the expression for U; in (10) and integrating it with
respect to wj to obtain the value of the social welfare function. In order to ensure the maximum
value for W, we have used the FMIN" subroutine. This subroutine can be used to calculate the
minimum of an F function or the maximum of a -F function and includes the parabolic
interpolation method. The subroutine requires that the values of t be found according to the
value obtained by the social welfare function for the immediately preceding value of t. When
the social welfare function peaks, the corresponding of value of t is optimal.

If equation (13) above (related to the economic stabilization goal) is introduced as a constraint
to optimize the behavior of the public sector, our program would consist of calculating values
of t that maximize the social welfare function and that, at the same time, together with the
parameter yyo, satisfy this constraint.

Before concluding the description for the computation procedure, we will just point out that the
wi, 1i and U; functions have been integrated following the sub-routine known as Quancs'* - an

acronym based on the initials of “quadrature”, “adaptative”, “Newton-Cotes’ 8-panel” - based
on Newton Cotes’ integration method.

4. Numerical Results

This section contains the results obtained using the computation method described in the
previous section'”. We have performed a basic calculation (see Table 1 for results) which will be
used as a reference for discussing the remaining results. This basic calculation uses
the following hypotheses: 1) goals related with the stabilization policy are not taken into
account; 2) the supply of public goods does not affect individual utility and consequently a3 =
0; 3) the ability variable density function parameters considered are those obtained by Lydall,
that is, L= -1 and £ = 0.39; 4) our reference value will be the elasticity of substitution e = 0.4,
which will give a reference value for B of -1.5; 5) the reference value for the elasticity of the

11 See Wilkinson (1967).

12 gee Forsythe (1977).

13 A more complete description of this sub-routine may be found in Forsythe, G.E. et al. (1977), pp. 179-187.
14 See Forsythe et al. (1977), pp. 97-103.

15 The calculations have been made with a Vax computer, model 780, belonging to the Universitat Politécnica de
Catalunya.
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marginal utility of the income is € = -1; and 6) the parameters a; and a,'® are 0.6475 and
0.3525, respectively.

Table 1 provides the optimal taxation results for the hypotheses that have just been described.
The first conclusion obtained is that the marginal rates increase is in line with the growth in the
level of tax collection required by the public sector. In any case, observe that the maximum
value that g can have is 0.3 which, although large, is not a disproportionate value. At higher
values for g, it is likely that the marginal tax rates will tend to decrease.

If we let g have a value of 0.12, we can analyze the effects of a variation of the elasticity of the
marginal utility of income on the tax rates. It has been verified that, for an acceptable value of
the elasticity of substitution such as e = 0.4 (or B = -1.5), the marginal tax rate rises to over
60% when € tends to minus infinite. Remember that this is a maximin case. Tax rates fall as
the preference for strict equality in income level falls. For a value of € = 1 (utilitarian case) the
marginal rate is 27.35%. It is also interesting to verify that the guaranteed income, yy, increases
when the preference for equality increases, and reaches its maximum value when € tends to
minus infinite.

Finally, if we allow B - which determines the elasticity of substitution between income and
leisure - to vary freely, the intuitive result is obtained that tax rates increase in line with
increases in this parameter or, what amounts to the same thing, as the elasticity of substitution
decreases. Also, as the elasticity of substitution decreases, the fixed sum component of the tax,
Yo, increases.

It is possible to compare these basic results with those obtained for similar cases in previous
computation models. Mirrlees’ standard case assumes 3 = O (unitary elasticity of substitution),
B =0 and g = 0. Atkinson’s typical case assumes that e tends to minus infinite, = 0 and R = 0.
Stern’s significant case assumes B = -1.4, e= 1, g = 0.10 and a, = 0.3864. Finally, Tuomala’s
significant case assumes that B = 1, € = 1 and R = 10%. However, both Mirrlees’ and Tuomala’s
model consider a general income tax, as is our case. Consequently, the significant tax rate in
those models will probably be the one that will be borne by the individual whose ability level
coincides with the mean distribution of abilities among the population.

Upon comparing the results obtained by these orders in the models with ours, a surprising
similarity is observed. Mirrlees obtains a representative marginal rate of 33%, while in our
model the marginal rate is 30%. For the maximin case, Atkinson obtains a marginal rate of
60% while our model obtains a marginal rate of 61.73%. For the above stated conditions, Stern
derives a tax rate of 23.3% while we have obtained a rate of 25.3% for similar conditions.
Finally, Tuomala obtains for the maximin case values approaching 60% which coincide, as we
have seen before, with our results. The model presented in this paper has sufficient explanatory
capacity to include as special cases the results obtained in previous models.

The remaining Tables -2 to 7- show the results obtained by our model when modifications are
introduced in some hypotheses or, as in the case in Tables 6 and 7, when we use tax to achieve
the stabilization goals.

16 The values of Y, and R, are multiplied by 1000. Their absolute values are not of interest to us as they are
measured in units of effectiveness.
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The results of Tables 2 and 3 express the optimal values of the marginal tax rate when
parameters aj, a; and a3 of the individual utility function are modified in order to enable the
introduction of public goods. The weights used have been chosen on the condition that the
income weight is double that of leisure and that the weight allocated to public goods is the least
of the three; of course, it is also necessary that the sum of the three be equal to one."”

Table 2 shows the results found for a; = 0.53, a; = 0.27 and a3 = 0.20. The main difference with
respect to the results of Table 1 is that the former, with occasional exceptions, are noticeably
lower than the latter. Apart from the logical analytic explanation given by the structure of our
model, it is not easy to find an intuitive reason for this result. Thus, Moreh obtains an opposite
conclusion: the introduction of public goods increases the marginal tax rates in relation to the
previous situation. However, he compares situations which are not comparable (one is derived
from his model and the other is derived from Stern’s model and, although both models have
common features, they do not lead to the same results). Furthermore, Moreh compares both
models and the only difference he sees in them is that his model includes the cost of supplying
public goods as a part of the revenue constraint on the public sector and Stern does not
(however, this point is not exactly true), but he forgets that public goods are introduced, in his
model, as an argument in the utility function while Stern does not consider this possibility. In
short, to be able to assess it, we would need to calculate, for the same model, marginal rates
before and after introducing public goods and then look for differences. The main result we
have found is that marginal rates are lower when public goods are introduced into the utility
function.

In order to observe the sensitivity of the results obtained - when public goods are taken into
account - to the parameters a;, a; and a3, we have recalculated the optimal values when a; =
0.60, a; = 0.30 and a3 = 0.10. In this case, it is observed that the tax rates are slightly higher
than those found in Table 2, although they are still below those that appear in Table 1. It can
thus be stated that, in general, the lower the weight allocated to public goods in the utility
function, the higher the marginal tax rates will be.

Tables 4 and 5 show the values found for a particular simulation: we have introduced a
standard deviation of the distribution of abilities higher than the initial deviation (1.00 versus
0.39), which means that this variable is more widely spread and, therefore, the inequality in the
ability to generate income between individuals is greater. As expected, the marginal rates are
much higher than when £ = 0.39, which is a logical consequence of the tax’s redistributional
emphasis.

In particular, in Table 4 we have calculated utility functions with weighting values equal to
those of Table 1, i.e.,, a; = 0.6475, a, = 0.3525 and a3 = 0. In Table 5, the calculations have
been performed taking into account the effects of public goods on the individual utility, using
the parameters of Table 2, i.e., a; = 0.53, a; = 0.27 and a3 = 0.20. This case confirms the trend
we have observed on the results of Tables 2 and 3, that is, when public goods are taken into
account in the ability function, the marginal rates generally fall with respect to the prior
situation when they were not taken into account.

7 In order to simplify the computation method, we have assumed in Table 3 that 6P / 81; = 0. What it means is that
labor supply has no effects on public goods supply, in the short term.
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We move now into Tables 6 and 7. The results obtained reflect the introduction of a major
additional factor: the public sector constraint. If we analyze Tables 6 and 7 with more detail,
and compare them with Tables 1 and 2, respectively, that is to say, compare the results with the
stabilization constraint with those obtained without it, we can observe that the range of
variations for each one of the six simulations computed has narrowed. The only exception is
the first computation showed in Table 1 (Epsilon = -1, Beta = -1.5), which, in comparison with
Table 6, has roughly the same range of variation. For instance, the second computation in Table
1 (g = 0,12 and B = -1.5) yields the interval (0.6173, 0.1000) for t, while under the same
hypothesis, in Table 6 we have obtained (0.5773, 0.2500). The same trace can be observed with
the rest of the simulations.

So, we can assert that when the government designs the optimal income tax with some kind of
stabilization goal, the consequent constraint has the effect of reducing the highest marginal tax
rate and increasing the lowest, narrowing the variation range of the optimal tax rates. This
result is probably consistent with the idea of giving the tax system as much flexibility as
possible, in the classical meaning of flexibility as a property of a good tax. Anyway, this is the
main conclusion of this paper, and it is worth incorporating into optimal tax literature.

5. Final Notes

The computational model presented in this section has obvious limitations. However, as we
have seen, it enables comparisons to be made between the optimal marginal rates when a
stabilization constraint is included and when it is not included, between the optimal rates when
public goods are included in the utility function and when they are not included, and finally,
between the optimal tax rate values when discretional variations are introduced in all the
model parameters.

In view of these results, is it possible to suggest concrete reforms for any tax system? No doubt
a number could be formulated such as the need to reduce the number of income levels taxed at
different marginal rates. However, one must bear firmly in mind the purpose of this kind of
literature. The aim is not to provide a definite numerical answer to the question, “how
progressive should the income tax be? ... the purpose is rather to explore the implications of
different beliefs about how the world works or about how governments should behave”
(Atkinson and Stliglitz, 1980, pp. 422-423).

The main result presented is that related to the values of marginal tax rates when we introduce
the stabilization constraint. In this case, we have shown that the variation range of the optimal
tax rates has narrowed for almost all cases. This is a new result in the optimal taxation theory.
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Table 1

BASE-POINT VALUES

Ersilon=-13 Beta=-1.5
Mu=—13 Eigma=0.3%; al=0,6475; aZ=0,3525; aZ=0

variables:

e B e e AR i e P s ————le e e W
0,1 0.21353 Q. 0777 0.2541 7.0748
0,15 0.2490 00747 Q. 2565 7.0411
.17 O, 2441 0.0750 0, 2578 7.02324
0,20 0. 2541 Q, 0736 0, 2590 7.00852
0,22 0.3024 0.0722 0, 2603 &. 78464
1. 25 O, 3187 0,0703 0.2617 b DEAT
0,28 0.334% 0.0487 Q. 2631 &L 9447
0. 30 0.354% 0. 04673 0.2644 &, 9253

BASE-POINT VALUES
3=0, 123 DBeta=-1.5
Mu=-13 Siama=0.39; al1=0,4475; a2=0,3525; 23=0

variable:

~Eesilaon_ JETRST Jor— . { i [ NN - ST L | SN
~00 0.46173 O.1217 0.2353 =-235.2779

-2 0.44354 0.107% Q.2432 ~8.0744
=~1.5 0,4233 0,.103s O, 2452 -5.3295

-1 0. 39283 0.0984 0.2474 -~3.9753
=055 Q,3L77 0. 0719 0.2500 -3.9747
-0.01 0.32465 0.0324 0.2532 ~1.3759
0.01 00,3238 0,0220 0.2534 98,6431

1 Q. 2530 0. 0456 0.24631 0, 2600

2z 0, 1000 0.0000 0,2716& 0. 03461

BABE-PODINT VALUES
a=0.12% Ersilon=-1
Mu=-13 Siama=0.3%} al=0.46475; a2=0,3525; a3=0

Qariabte=

~-Beta___ PRI, S PR, S R | O ;1) I
-2.25 0, 5489 0.1074 0, 2632 7.0729
-2 0. 4%2Y 0.1027 0.2418 7.0729
o T 0.474L5 0.0980 0.2603 7.0731
-=1,50 Q. 4572 0.0724 0. 2526 7.0734
~1.25 0.4370 0.08&4 0, 2545 7.0737
-1 0,413 0.0797 0.2541 7.0748
-0. 75 0.3315 0.0731 O, 2509 7.07&1
0,50 0.2591 0. 0652 0.24L7 7.0783
-0, 25 0. 1761 O, 05469 0.2412 7.0817
—0.1 0, 1231 Q.0514A 0,2364 7.0852
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Table 2

Mu=-13%

variables

0.25
Q. zZ8
0,30

Mu=-13

variablet
_Eesilon_
=00
-2
=1.5
-1
0.5
-0.01
0.01
1
z

variablet

—Beta___
=2. 25
=2
-1.79
-1.50
-1.25
-1
~0.75
-0, 50
-0, 25
-0.1

BASE-POINT VALUES )
on=-13 Beta=—-1.5

Ersil
Siama=0.37F al=0,535;

IR, (IR
Q. 0700
0, 1000
0.1100
0. 1350
Q. 1870
0. 2040
Q. 2485
Q. 1000

BEVIIPEN. ' o
0. 0000
0, 0000
Q. 0000
O, 0000
Q, QOQ0
0.0151
0, 0204
0, 0000

BASE-FOINT VALUES

=0, 123 bBeta=-1.5
a2=0,27% 23=0.20

et
0.4403
0. 3300
Q, 2500
0., Z2000
0. 1700
0. 1422
0.1312
0.117&
0, 1000

Siama=0, 39} 31=0,53}

YO
00,0110
0, 0000
Q. Q000
0. 0000
Q, 0000
0. 0000
O, 0000
0. 0000
0. 0000

BASE-POINT VALUES
9=0,12% Ersilon=-1

Mu=-13 Sigma=0.39;

SR

0.4973
0.45%0
0.4391
Q. 4000
Q. 3200
Q.2E4q42
0, 2333
0.1&31
0., 1484
0.115%
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22=0,273 a3

0.2715
0,27951
0,2751
0,2751
0.2751
0.2798
G, 2800
0.2751

0.2733
0.2751
0.2751
0.2751
0. 2751
0.2751
0.2731
0.2751
0.2751

al=0,46475;

BT, | ; O, P .
0. 0000 0.2787
0.0000 0.2782
0. 0000 0,2777
0. 0000 0.2770
Q. 0000 00,2762
Q. 0000 0.2751
Q. 0000 Q,2637
0. 0000 0.2717
0, 0001 Q, 2689
0, DOE0 0,24482

& zand
&, 4208
L, 5507
&, 5087
&, 6571
L. 6516
L. L7448
& 7654

-29305.91
~5&. 7425
—-22.1074&
—-10, 4071

-4.5078
-2.3858
I7 . LATE
0.074%
0.0045

a2=0,35253 a3=0

L2201
& 3871
L. 4977
&, &O3Y
Lo b10



Table 3

BASE-POINT VALUES

EFsilon=—-1} Beta=—1.95
Mu=-13 Sigma=0.37} al=0.4603 az=0, 303 a3=0.1

variable:

- F i SN ({1 SUSTRE EEPTIET - e e W
0.1 Q. 1004 0. 0001 0. 2752 &, BLEE
(.15 0. 2299 0.0217 0,2738 b &739
0.17 0. 2547 0.0297 0, 2733 &.7314
0,20 0.2811 0. 0358 0.2732 b. 7577
0.22 0.2918 0.0401 0.2734 & 77564
0,25 Q,.3197 0.0437 0.27346 L. 7870
0,22 0,3329 0.0460 0.2741 L7932
0,30 0. 1000 0. 0000 0, 2752 L. 8952

BABE-POINT WALUES
a=0.1%¢ Heta=-1.95
Mu==1: Sigma=0.3%; al=0,405 aZ2=0,30% 23=0.1
variable:

~Eesilon_ i e i e Tl = PRI S SN | S
-o0 0.4418 0.0&35 0, 2828 4990, 53
-t 0.2324 0, 0354 0.2690 =27 . L8463
-1.5 " 0.2048 0.0283 0.2704 -13.457&
| 0.1741 0. 0201 0.2719 7« 3842
=-0.5 0,1363 0. 0037 Q,2736 =5,4230
—-0.01 0.1201 0. 0000 0.2752 L2, 010

0.01 0.1125 0. 0007 Q.2751 98,0295
1 0. 1030 0, 0000 Q,2732 0. 1379
2 0. 1010 0. 0000 0,2752 0.00%6
BASE-FDINT VALUES
9=0,1%; Ersilon=-1
Mu=-1% Siama=0.39; al=0, &0 32=0,30% ad=0.1
variables

S - -N S — NVET. " § N I - R P (1 [—
-2.25 0. 5000 0. 0000 Q.2788 . 10866
-z 0. 4780 0.0038 0.27a3 b6.1796
-1.75 0.4870 0.0027 0.2777 L, 28384
-1.50 0, 4000 0.,0023 0. 2771 5.3579
-1.25 Q,3370 0.0002 0.27&2 &, A578
e | 0. 3024 0.0011 0. 2732 &, 5638
-0, 75 Q.2422 0.0114 0.271& &L, L6228
=0, S0 D, 1820 Q. 023y 0,Z2662 &, 75038
-0 .25 0. 146467 Q,0303 0.2574 &,8245
-0.1 0. 2246 0.0317 0. 2544 &. 84619
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Table 4

BASE=PDINT VALULS

Ersilon=—13 Geta=-—
Mu==1% Sigma=1} al=0.46475; az=
variable:
arm et e PR M . ' |
O, 1 0, 2884 0.1732
0.15 0.3071 Q. 1707
0.17 0.3143 0. 1473
Q.20 0.3252 0.1436
0. 22 0.3354 0. 1400
Q.25 0.3543 D. 1541
0,28 0.36837 0.1523
Q.30 0.44634 0. 1425

Mu=—-1% Siama=1

variable?

~Eesilon_ PR} N

-00 0. 6774
-2 " 0.4&471
-1.3 0.46402
-1 0. 46293
0.5 0.5151
~0.01 0.4972
Q.01 0.4937

i 0.3092

2 0.2100

variablet

__bBpta___ . S
—2.295 0.53232
-2 Q. 4493
-1.75 0.4527
-1.50 0. 4337
=1.25 0.4127
-1 0. 3824
=075 0. 34620
-0.50 0,3312
=0 29 0. 297&
~-0.1 0. 25585
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BASE-POINT WALUES

0.3027
0. 30469
0. 3070
0.3112
0,3133
0.3153
0.31€1
0.3205

9=0,12; Beta=—-1.5
al=0,4475;: a2=0,3525; a3=0

——— YO
0.1920
0, 1a25
0.1872
0. 1855
0. 1831
O, 1797
0. 17%2
0. 1605
0, 0000

BASE-POINT VALUES

S - (TR
Q. 2833
0.2904
0.2724
0.2948
Q.,2977
0.3012
0.3018
0.3151
0, 3538

9=0.127 Ersilon=-1
Mu=—1% Siama=1: al=0,&47358

—_———t0 .
0, 2153
0.2026
0.1952
0.1871
0,172
Q. 1685
0.1575
0.145&
0.1374

a2=0, 35258

0.3054
0.3027
Q.2978
0.2966
0.2925
0.2893

7.1223
7.1024

AN |

-91.38%
~5.5313
=4, 0085
-3. 46074
491,17
98.834
0.31%7
0,038

a3=0

7.2429
7.2422
7.2423
7.2435
72448
7. 2530
7.2651
7.2773



Table 5

BABE-PATMT VALUES
Ersilon=-=13; Beta=-1.5
Mu=-1% Sji9ma=1l: al=0,53: 32=0,27} a3=0., 20

variables

i B i —_———t . A o R . — ——— e W e
0.1 0.1427 0.11&62 (.3391 &.4247
0. 15 0, 2352 0.1301 0,3373 o212
0.17 0.271¢& 0.133¢ 0,.3370 b EEB70
D.20 0.2717 0, 13519 0,3372 &,7389
0.22 0,3293 0.1345 0.3375 &.7801
0.25 0. 3524 0, 1341 0,3339 bA.E128
0. 28 0, 3735 0.1353 0.3395 &,.8385
0, 30 0.3943 0.1342 0.3405 L. 8583

BASE-POINT VALUES

9=0,12t Beta=-1.5
Mu=-13 Sigma=1} al=0,53; a2=0,273 a3=0,20

variablet?

~Eesilon_ N, S N s [— | - W
-0o 0.&£310 0.1425 0.3307 -11379.94
~2 0.5908 0.130= 0. 33483 =37.0094&
-1.5 0,.5822 O.1282 0.3354 =17.440&
-1 0.511% 0. 1251 0. 3345 -8.7710
=0, 5 0.4810 a.1z21¢ 0.3375 -5.9221
-0,01 0. 4450 0.114&% 0. 3337 -2,192

0,01 0.4434 0.1144 0.3390 9.7885
1 0. 3153 0. 1074 0.3413 0.11%51
2 0, 2484 Q. 0924 0.3448g O, 00867

BASE=POIMNT VALUES

9=0.12% Ersilon=-1
Mu=-—1% Sigma=15 al=0.531 a2=0.273 a3=0,20

&

variables

—-Beta___ TN ST ——YO_ R SR ! S
-2.25 0.579% 0.094& 0,3387 &.0326
= 0.5434 0.0942 0.33932 &.0874
~-1.75 0. 4950 0. 1002 0.3358& &.1529
~1.50 0. 40%0 0, 1050 0.3400 & 2303
-1.25 00,3470 0.1111 Q.33%7 & 3210
-1 0. 3229 0.114&2 0.3371 &. 4247
-0.75 0. 28982 Q.1214 0.3375 &, 5383
-0.50 0.2720 U. 1204 0. 3350 & 577
-0.25 0, 23L& 0.124% 0.3317 &.7749
-0.1 0.2057 0.1238& 0.3270 &.8430
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Table 6

INCLUSION OF STABLILIZATION CONSTRAINT
BASE-POINT VALLUES

Ersilon=-11 Beta=-1.5
Mu=—13 Siama=0,3%} al=0,&4753 az=0.3525} a.2=0

variablet

—m———T e e | ——__YOo___ I o e | [ E——
0.1 0.2111 0,0793 0.2541 7.0743
.15 0, 22798 0. 0786% 0. 2545 7.0411
0. 17 0, 2475 0.0754 0.2577 7.0234
0.20 0.26493 00,0734 Q. 2990 7. 0052
Q.22 O, 2702 0.071& 0.2604 &. 78464
0.25 0. 29287 Q.0703 O.2617 b PELT
0.z28 0, 3344 0,027 0. 2631 b, 94ET

Q, 20 0,3533 0.0&70 0.24A45 & y258
' BASE-POINT VALUES

a=0,12; Deta=-1.5
Mu=-13} Sigama=0.393 al=0.6475; a2z=0,3525} a3=0

variable:

_Eesilon_ SR SR 1 1 [ JE - GO, W__
-a0 0.5773 0.1217 0.2353 -235,.28

-7 0, 4435 0.107% 0,2432 -8.0744
-1,5 0.4031 0.1037 0, 2452 -5, 3295

-1 0. FE7 0. 07Re 0.2473 -3.9753
-0.5 0,3577% d.071% 0. 2500 -3,9749
-0.01 0.3170 0.0823 0.2531 -1.,0137
0.01 0,273 0. 0531 0.2530 9,.8643

1 0. 2401 0, 0523 0.2615 0.2600

Z 0. 2500 0.0523 0.2615 0.0354

BASE-POINT VALUES
9=0,123 Ersilon=-1
Mu=—13} Siama=0.3%} al=0.&4753 a2=0.35253% a3=0

varlable:?

-—-Beta___ RERTSR, SERRP e e e RN . S —— {1 N——
=2.Z5 0. 5084 0.1075 0. 24632 7.0729
—3 0.4917 0,1024 0.24619 7.0729
-1.75 0.47%2 o, 03977 0.24604 7.0731
-1.50 0. 4549 0.0923 0, 2524 7.0734
-1.25 0.4348 0.0864 0.2565 7.0739
=] 0.4141 0,079 0. 2541 7.0748
-0.75 0.3508 0.0727 0, 2509 7.0761
=0, 50 0.3648 0, 0653 0. 2443 7.07383
-0.25 0, 3357 0.0548 0.2413 7.02819
-1 0,3170 0. 0313 0. 2347 7.0852
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Table 7

IHCLUSION OF STABILIZATION COMSTRAINT
BASE-POINT VALUES

Ersilon==1} EBeta=—-1.5
Mu=--13 Sigma=0, 393 al=0.533 aZ=0.273 al3=0D. 20

variables

T B ST 3 — N |1} E—
0.1 0, 1940 0,0530 0. 2652 &, 2649
0.15 0, 2013 0.0405 0.2700 & ALSE
0. 17 Q.2134 Q. 0ZE40 Q.2724 &£.5313
0,20 0, 2326 Q.20 02747 6. 5E2
Q.22 0.2537 O.0z02 0.2775 L6214
Q.25 Q. 2697 0.0150 0.2798 & LS
0,25 Q. 2783 Q.0213 0.2799 L. &7 446
0.30 0, 2923 Q. 0255 0,280z L. E718

BASE-POINT VALUES
3=0.12: BRBeta=-1.95
Mu=—13 Siama=0.3%7 al=0.535 az2=0.27% a3=0.20

variables

_Epsilon_ —t —— YO e B ———
-g0 0.5013 0.0530 0.2652 -30318.17
-2 0.4610 0. 0530 0.2652 -58, 224LY
-1.5 0. 4099 0.0530 0.2652 23, b13A
-1 0.3617 0. 0530 0.2452 -10,7741
-0, 5 0.3743 0, 0530 0.2652 —4,5413
-0.01 0.3413 0. 0530 0. 2452 -2.kh035

0. 01 0. 3094 0, 0530 0.2&52 +=9.7652
1 0.2914 0. 0530 0. 2452 0.0732
2 0.2413 0.0530 0.2452 0.0043

BASE-POINT VALUES
9=0.123 Ersilon=-1
Mu=--13% Siama=0,39; al=0,53; az2=0.27% a3=0.20

varfable=

—_Beta_ __ N, N TR, 1 ¢ [ R - IO 11—
~2.25 Q. 4000 0.0547 0.2734 5. 8840
-2 0. 38132 0.03514 0.2723 5. 7385
-1.75 O.34632 0,0542 0.2711 &.0015
=1.50 0.314% 0.0539 0.2495 & 0768
~-1.25 0. 3000 0.0535 0.2476 &. 14655
-1 D 2299 0.0530 0.2652 b 2EET
-0.75 a.2708 0.0524 0,220 &. 3772
-0, 50 0.2477 0.0515 0.2576 & 4294
—0.25 Q. 2286 0.0502 0.2513 &, 5959
-0.1 0.2135 0.0492 0.2440 &, 6541
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